The proximity of the anode to a curved field emitter alters the electric field at the apex and its neighbourhood. We show here that when the anode-cathode plate separation D reduces, the apex field enhancement factor
I. INTRODUCTION
Analytical models of curved field emitters aligned along the asymptotic electric field generally assume the anode to be at infinity. The floating sphere at emitter plane potential, the line charge model and the point charge model are examples where the anode is neglected as a first approximation. In contrast, numerical modeling takes into explicit account the presence of the anode with studies showing an increase in electrostatic field when the anode is in close proximity to the emitter apex [1] [2] [3] [4] [5] [6] [7] [8] .
The phenomenon under investigation in all of the above is field enhancement at curved emitter tips. The curvature leads to a magnified electric field at the emitter apex, thereby lowering and narrowing the potential barrier as seen by a tunneling electron. Thus, field emission occurs from such emitter tips even at moderate macroscopic fields of about 10 6 V/m if the field is enhanced a few thousand times. The presence of an anode in close proximity to the emitter tip adds to the enhancement. Situations where the anode is close to the tip are of interest in a number of applications such as microscopy and lithography.
Of the models mentioned above, the floating sphere at emitter plane potential is a well researched simplified analytical model for carbon nanotubes. It over-predicts the apex enhancement factor (γ a (∞) h/R a + 7/2 where h is the emitter height and R a the apex radius) and has been adapted to include the anode plate at a finite distance D (> h) from the cathode using an infinite summation over image charge contributions from successive planes. It predicts the apex enhancement factor for an anode-cathode separation D to be 3,7
provided h/D 0.7. Notably, the correction factor due to anode proximity is independent of the apex radius of curvature as per the predictions of this model. The line charge model accurately describes a curved emitter mounted on a cathode plane in a diode configuration. Recent studies 9 for a general smooth line charge density Λ(s) show that the apex enhancement factor
where α is a constant that depends on the shape of the emitter. For a hemi-ellipsoid, α = 2 while for a conical and cylindrical shape α is approximately 0.88 and 2.6 respectively. A study using the line charge model with the anode at a finite distance exists only for the special case of a hemi-ellipsoid 6 where the line charge density is linear (Λ(s) = λs). Apart from the apex field enhancement factor γ a , the variation of the enhancement factor close to the apex is also crucial in determining the net field emission current. Recent studies 18, 19 show that
for a emitter aligned along the asymptotic electric field E 0ẑ . Our aim here is to study the anode proximity for a general line charge distribution Λ(s) and in particular study the effect of the anode on the apex enhancement factor and the variation of the enhancement factor in the neighbourhood of the apex. We shall first deal with the linear case and then generalize the result.
II. LINEARLY VARYING LINE CHARGE DISTRIBUTION
The linearly varying line charge distribution is a wellstudied system. We shall revisit it here and study the anode proximity effect at the emitter apex and its immediate neighbourhood since field emission predominantly takes place from this region.
The potential at any point (ρ, z) due to a vertical line charge placed on a grounded conducting plane in the presence of an electrostatic field −E 0ẑ can be expressed as
where L is the extent of the line charge distribution and Λ(s) = λs in the linear case. The zero-potential contour corresponds to the surface of the desired emitter shape so that the parameters defining the line charge distribution including its extent L, can, in principle be calculated by imposing the requirement that the potential should vanish on the surface of the emitter.
Note that the potential at a height D above the cathode, as given by Eq. 5, is not V A = E 0 D as it should be if an anode is present at z = D and held at a potential V A while the cathode is grounded. The effect of the original line charge distribution (and its image on the grounded cathode) on the anode can however be neutralized by placing a "mirror" line charge at a height 2D above the cathode. This however affects the potential on the cathode which can again be neutralized by placing a "mirror" line charge (of the one at z = 2D) at z = −2D. The process of correcting the potentials at the cathode and anode results in an infinite number of line charges whose contribution can be summed to yield the corrected diode potential
For the linearly varying line charge density, Λ(s) = λs, the value of λ can be determined by demanding that the potential vanish at the apex i.e. V (ρ = 0, z = h) = 0. Thus,
The emitter on the cathode plane (z = 0) and the anode at a distance D (z = D) can be modelled using line charges and their successive images at the anode and cathode planes.
where
Since 2nD > h + s for all n,
which simplifies as
expanding tanh −1 (z) in the Maclaurin series
and keeping the first 3 terms. Thus, the leading terms in powers of (h/D) are
where, in the last step, we have used h/2D < 1 to expand the expressions in the denominator. Note that ζ(5) = ∞ n=1 1/n 5 1.03692. It is adequate to retain the first two terms in a calculation of the enhancement factor for most plate separations D. However, if D is only slightly larger than h as in case of certain applications, the summation in Eq. 12 should be evaluated numerically for accurate results.
It now remains to determine E z at the apex (ρ = 0, z = h). On differentiating Eq. 6 with respect to z and substituting for the value of ρ and z, we have
which on integration yields
Since h − L R a /2, the term in the first curly bracket dominates for a sharp emitter and all the other terms can be neglected. Thus at the apex,
For a sharp emitter,
where δ 1 = ζ(3)/3, δ 2 = (4/15)ζ (5) and
Thus, the correction term depends on the apex radius of curvature. Fig. 2 shows a plot of error in apex field enhancement factor when the anode is placed at a distance D and the ratio h/D is varied. The apex enhancement factor is computed using Eq. 20 (ignoring the presence of anode) and Eq. 17 along with Eq. 14. These are compared with γ a (D) computed using Eq. 17 and Eq. 12 (considered exact here) in order to find the errors. Two cases are considered: h/R a = 20000 and h/R a = 1000. In the first case (solid lines), the error is below 5% for h/D < 0.9 while in the second case, this happens for a somewhat larger D. 
which can be integrated by parts to yield
As in the linear case, a Maclaurin series expansion of tanh −1 can be used. Thus,
Thus, 
Using methods similar to that for linear systems, the local field at the apex is expressed as
is negligible for a sharp emitter 9 . Finally, as shown in [9] , R a = h/(h 2 − L 2 ) so that
where C is the nonlinearity correction factor and γ a (∞) is
Eq. 33 is the central result connecting the local field enhancement and anode proximity. Note that C, C 1 , C 2 are zero for a hemi-ellipsoid since f (s) = 0. The presence of the anode thus leads to an increase in the local field at the emitter apex for all smooth vertically aligned emitter irrespective of its shape. The constants C 1 , C 2 and C are in general nonzero even for sharp nonlinear emitters though the upper bound on C 1 can be shown to vanish weakly as h/R a tends to infinity.
IV. ANODE PROXIMITY AND THE ENHANCEMENT FACTOR VARIATION NEAR THE APEX
We have so far dealt with the effect of anode on the apex field enhancement factor. In order to evaluate the net field emission current, it is important to know about the variation of local field in the neighbourhood of the apex. When the anode is sufficiently far away, it has been established recently that γ(∞,θ) = γ a (∞) cosθ. Our interest here is to determine the enhancement factor variation γ(D,θ) when the anode is at a finite distance from the cathode.
For a general nonlinear line charge distribution for a sharp emitter (h/R a large), the electric field components for small ρ can be expressed as
For ρ small (< R a /2) and D > 2h, each integrand can be expanded to extract the leading term in ρ. For example
which on combining and keeping the leading term, yields
Note that C 0 is vanishing small for sharp emitters and can be neglected. The other two pairs of integrands can be similarly combined to yield
none of which contribute as significantly for a sharp emitter. Thus,
This is identical to the result when the anode is at infinity except that f (L) is now as given in Eq. 28. The calculation of E z proceeds along lines similar to the anode-at-infinity case 19 so that
with f (L) given by Eq. 28. Now, consider the point (ρ, z) to be located on the surface of a vertically aligned emitter near the apex with ρ and z related by z h− ρ 2 2Ra . The electric field lines are normal to this parabolic surface and thus in the direction
It thus follows using E 2 ρ + E 2 z or E.n and Eq. 28 for f (L) that
Thus, the generalized cosine law of enhancement factor variation near the apex is unaffected by the presence of the anode even though the local field itself increases in magnitude.
V. VALIDATION USING AN EXPERIMENTAL RESULT
An experiment carried out by Cabrera et al 24 reported scaling behaviour in the I −V graph of a nano-diode. The emitter is a rounded conical structure with apex radius approximately 5nm, mounted on a cylindrical base. The movable anode is a planar electrode at a distance d from the apex. The distance d is varied from a few nanometer to a few millimeter. In particular ranges of d, the current was found to scale as I ∼ V d −λ so that all the I-V curves in a given range collapse onto a single curve on scaling the applied voltage.
The argument put forward to support the scaling behaviour, rests on the observation that, a constant current on scaling implies an identical tunneling potential at the apex and in its neighbourhood. Thus the key to the explanation must lie in the behaviour of the local field in the apex-neighbourhood as d is varied.
We have shown in the previous section that the local field variation in the apex neighbourhood obeys the generalized cosine law E(ρ, z) = E 0 γ a (D) cosθ where cosθ = (z/h)/ (z/h) 2 + (ρ/R a ) 2 . Also, since D = h+d, the only term dependent on d is the local field at the apex, E 0 γ a (D). We thus need to study the scaling behaviour of the enhancement factor
.
(48) Note that the quantities α A and C depend on D.
For the family of conical emitters studied in [9] with half-angle in the range 2 • − 8 • , it was found that the field enhancement factor is well approximated by (2h/R a )/[ln(4h/R a ) − 0.88]. We may thus modify γ a (D) as
with α 0.88. Since C is a-priori unknown, we shall further assume that the nonlinear correction term C << 1 and neglect it altogether. Thus,
The scaling behaviour can thus be studied using Eqns. 50 and 51 with D = h + d. Note that since voltage scaling is being studied, the apex field may be expressed as γ a (D) V /D so that the appropriate quantity to study is γ a (D)/D. In the range 3-300nm of d, the scaling behavior was studied by collapsing all other I − V curves onto the d max = 300nm curve, by multiplying the voltage with a number R(d). Thus, in order that the apex field (hence the tunneling potential) be identical, the factor
where D max = h + d max and D = h + d. The quantity R(d) is shown in Fig. 3 as a function of d along with a power law fit. The height h = 2000 µm while the apex radius of curvature R a = 5nm. It is clear that R(d) follows the experimental curve closely 24 and has an approximate power law behaviour R(d) ∼ d −λ with λ 0.21.
We now briefly comment on the approximations made. The neglect of C is perhaps not very important since a variation of α in the range [0.7,1.0] does not significantly alter the value of λ. However if α = 2 as would be the case for an ellipse, λ 0.29 which is a significant change. Since a cone of height 250µm (>> R a ) is mounted on a cylindrical base of length 1750µm, it is likely that α is slightly larger than 0.88 but that should not significantly alter the results.
At very large d, γ a (D) saturates and D d so that R(d) ∼ d −1 . The large d behavior thus depends on the range chosen with respect to the height of the emitter.
VI. DISCUSSION AND CONCLUSIONS
The line charge model has proved to be a useful tool for vertical emitters aligned in the direction of the asymp-totic electric field. Though the initial study in this direction assumed the presence of an anode at a finite distance D for an ellipsoidal emitter 6 (linear line charge), it has frequently been used assuming a nonlinear line charge distribution 9, [18] [19] [20] 22 and the anode to be far away so that its presence can be neglected 9, 10, [18] [19] [20] [21] [22] . In the preceding sections, we have investigated two of these results considering the anode to be at a finite distance.
The first result concerns the field enhancement at the apex. The introduction of the anode leads to a increase in enhancement which can be significant when D < 3h where h is the height of the emitter. Importantly, the quantum of increase depends on h/R a and is large for sharper emitters.
The second result deals with the variation of the field enhancement factor on the emitter surface but close to the apex. This is important from the point of view of field emission. Previously derived results show that when the anode is far away, the field enhancement varies on the surface following a generalized cosine law. Our results show that while the enhancement factor does increase in the presence of the anode, it continues to obey the generalized cosine law.
Finally, the theory explains an experimentally observed scaling behaviour of the I − V curve accurately when the anode is in close proximity to the emitter tip.
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